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Abstract
The relation between two time physics (2T-physics) and the ordinary one time formulation
of physics (1T-physics) is similar to the relation between a 3-dimensional object moving in a
room and its multiple shadows moving on walls when projected from different perspectives.
The multiple shadows as seen by observers stuck on the wall are analogous to the effects of
the 2T-universe as experienced in ordinary 1T spacetime. In this paper we develop some
of the quantitative aspects of this 2T to 1T relationship in the context of field theory.
We discuss 2T field theory in d+2 dimensions and its shadows in the form of 1T field
theories when the theory contains Klein-Gordon, Dirac and Yang-Mills fields, such as the
Standard Model of particles and forces. We show that the shadow 1T field theories must have
hidden relations among themselves. These relations take the form of dualities and hidden
spacetime symmetries. A subset of the shadows are 1T field theories in different gravitational
backgrounds (different space-times) such as the flat Minkowski spacetime, the Robertson-
Walker expanding universe, AdSd−k×Sk, and others, including singular ones. We explicitly
construct the duality transformations among this conformally flat subset, and build the
generators of their hidden SO(d,2) symmetry. The existence of such hidden relations among
1T field theories, which can be tested by both theory and experiment in 1T-physics, is part
of the evidence for the underlying d+2 dimensional spacetime and the unifying 2T-physics
structure.
1 This work was partially supported by the US Department of Energy, grant number DE-FG03-84ER40168.
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I. ALLEGORY ON THE RELATION BETWEEN 1T AND 2T PHYSICS
The physical content of 2T-physics and its relation to 1T-physics may be described with
an allegory. The allegory is to consider a 3-dimensional object moving in a room and the
relationships among different shadows of the same object when projected on 2-dimensional
walls by shining light on it from different perspectives. To observers that live only on the
walls (similar to living only in 3+1 dimensions) the different shadows appear as different
“beasts” (like different 1T-physics systems). But with hard work, observers on the wall will
discover enough relationships among the shadows to reconstruct the 3 dimensional object.
The allegory above applies because, due to a richer set of gauge symmetry constraints,
2T-physics in 4 + 2 dimensions with 2 times effectively behaves like 1T-physics in 3+1 di-
mensions with 1 time, but with previously unsuspected relationships in 1T-physics that are
not apparent in the ordinary formulation of physics. Hidden relations among 1T-physics sys-
tems, predicted by 2T-physics, provide the observable clues and evidence of the underlying
4 + 2 nature of spacetime.
In the present paper we discuss some such relationships in the context of field theory
and provide simple examples of the type of phenomena described above. These are dualities
among 1T field theories in different gravitational backgrounds (different 1T spacetimes).
The Weyl and general coordinate transformations that relate the field theories discussed
here are familiar transformations and the techniques are buried in old literature. But these
transformations were not previously presented as duality transformations, nor were they
understood to be part of gauge symmetries that unite the 1T-shadows into a single higher
dimensional structure described by a parent 2T theory. We emphasize that the specific
physics examples discussed explicitly here were not all familiar as being related by dualities.
We also stress that these simple examples form only a subset of a much larger set of
shadows that obey more complicated duality transformations (not just Weyl and general
coordinate) which were not known to exist until discovered through 2T-physics.
In this context, the usual Standard Model of Particles and Forces (SM) in 3+1 flat
spacetime is regarded as one of the shadows of a parent field theory in 4+2 dimensions.
According to our arguments it is dual to a variety of shadows, some of which are obtained
by a series of Weyl and general coordinate transformations. It may be significant that one
of the dual shadows is the SM in the Robertson-Walker expanding universe.
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II. 2T PHYSICS
While theories with extra spacelike dimensions have been discussed extensively, theories
with more than one timelike dimension have been largely left aside. M-theory itself as well as
its extensions have provided various signals through supersymmetry stuctures and dualities
that extra timelike dimensions could be relevant for an eventual understanding of funda-
mental physics [1]-[5]. However, it is not an easy step to construct a theory with full fledged
extra timelike dimensions due to interpretational issues and most importantly because of
the systematic presence of ghosts in the quantum theory. Even the first timelike dimension
potentially introduces ghosts in relativistic quantum field or string theories. Experience over
half a century shows that the cure, to remove the ghosts due to the first timelike dimension,
lies in having the right mix of gauge symmetries to arrive at a unitary and physical theory.
Similarly, Two-Time Physics, in d space and 2 time dimensions, is a general framework
for a unitary and physical theory, which is achieved precisely by having the right mix of
gauge symmetries. The key element of 2T-physics is the presence of a worldline Sp(2, R)
gauge symmetry which acts in phase space
(
XM , PM
)
and makes position and momentum
indistinguishable at any worldline instant [6]. This Sp(2, R) is an upgrade of worldline
reparametrization to a higher gauge symmetry. It yields nontrivial physical content only
if the target spacetime includes two time dimensions, and plays a crucial role to remove
all unphysical degrees of freedom in a 2T spacetime, just as worldline reparametrization
removes unphysical degrees of freedom in a 1T spacetime.
In the case of spinning particles the worldline gauge symmetry is extended to OSp(n|2)
[7][8] while adding fermionic spin degrees of freedom ψM in d+ 2 dimensions beyond phase
space
(
XM , PM
)
. Similarly, for more complicated systems, such as supersymmetric particles
and others [9]-[16], as more degrees of freedom with potential ghosts in d+2 dimensions are
added, the corresponding worldline gauge symmetry is also larger, to insure the unitarity of
the theory in the 2T-physics formulation. All extensions of the worldline gauge symmetry
must include the key ingredient Sp(2, R), and hence is required to have 2 times.
2T-physics is elevated from the worldline formulation to field theory through the process
of covariant quantization. The spin 0,1
2
,1 fields, Φ (X) ,Ψα (X) , AM (X) , are then identified
with the first quantized wavefunctions that obey the gauge symmetry constraints, implying
that these fields describe the ghost-free gauge invariant sector of the worldline theory, as long
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as the constraints are satisfied as on-shell equations of motion. 2T field theory is based on
an action principle that generates these constraints as equations of motion, and furthermore
extends them with interactions.
The 2T-physics field theory formalism has some features that differ from 1T-field theory
formalism, such as a delta function in the volume element δ (X2) dd+2X and other properties
[17], as outlined below. Thanks to these properties, minimizing the 2T field theory action
leads to field equations that reproduce the Sp(2, R) or other gauge symmetry constraints of
the underlying worldline action, thus insuring the unitarity of the theory.
In this 2T field theory setup, it has been shown that the usual 1T-physics Standard
Model of Particles and Forces in 3+1 dimensions is reproduced as one of the shadows of a
2T-physics field theory in 4+2 dimensions [17]. The emergent 1T Standard Model, being a
3+1 shadow of the 4+2 theory with more symmetry, comes with some additional restrictions
that are not present in the usual 1T formulation, but nevertheless agrees with all known
physics. The differences occur only in hitherto unmeasured parts of the Standard Model, in
particular the axion and Higgs sectors, so they are of phenomenological as well as theoretical
significance, and may provide tests at the LHC or in Cosmology to distinguish 2T-physics
from previous approaches.
There are more ways to test 2T-physics at all scales of physics by exploring the multiple
1T-physics shadows and the predicted relationships among them as well as their hidden
symmetries that give information on the higher dimensions. Previous work in the context
of the worldline formalism displayed many examples of these shadows [18]-[20]. A graphical
display of some of these examples can be found at [21]. In our recent paper [22] most of the
known shadows were tabulated and useful mathematical formulas that describe them were
summarized (see tables I,II and III and related discussion in [22]).
This avenue of investigation is still in its infancy. The purpose of our paper is to develop
some techniques and concepts along this path by elucidating the dualities and hidden sym-
metries among a subset of these shadows. This subset is represented by 1T field theories
in different gravitational backgrounds which are all conformally flat. In our recent paper
[22] the dualities and hidden symmetries of a 1T scalar field theory in such backgrounds
was discussed. In the present paper we further elaborate on these properties with fermionic
fields that carry spin 1/2, and Yang-Mills gauge fields that carry spin 1. It is then possible
to discuss a subset of the dualities and hidden symmetries for the Standard Model. We
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expect that these dualities, together with the future extension of our results to other types
of shadows, to be potentially useful for non-perturbative analysis of the Standard Model.
III. 2T FIELD THEORY
2T field theory has been fully formulated at the action level for fields of spins 0, 1
2
, 1 [17],
and to the field equation of motion level for spin 2 [8] and beyond [24], and has also been
supersymmetrized [26]. The scalar field was discussed extensively in our recent paper [22].
In the current paper, we will focus on the spin-1
2
and spin-1 cases.
A. Spin-1 fields
The 2T action for spin-1 Yang-Mills fields is
S (A) = Z
∫
d(d+2)X δ
(
X2
)(−1
4
Φ
2(d−4)
d−2 Tr
(
FMNF
MN
))
(3.1)
where Z is an overall normalization constant that will be determined. The dilaton Φ, which
drops out when d = 4 in the above expression, is necessary when d 6= 4 for consistency
of constraints or 2T gauge symmetries (see [17]). The action for the dilaton S (Φ) and its
duality properties have already been discussed in our previous paper [22] that described any
scalar, including the dilaton. Turning to the matrix valued Yang-Mills gauge field AM in
the adjoint representation of the gauge group G, the field strength FMN is defined as usual
FMN ≡ ∂MAN − ∂NAM − ig [AM , AN ] . (3.2)
Varying the action with respect to the matrix AN results in the expression
δS (A) = Z
∫
d(d+2)X Tr

δAN

 δ (X2)DM
(
Φ
2(d−4)
d−2 FMN
)
+2δ′ (X2) Φ
2(d−4)
d−2 XMF
MN



 (3.3)
where δ′ (X2) emerges from an integration by parts. Since the delta function δ (X2) and its
derivative δ′ (X2) are linearly independent distributions, minimizing the action δS (A) = 0
for general δAN gives two separate equations of motion for AM
[
XNFMN
]
X2=0
= 0,
[
DM
(
Φ
2(d−4)
d−2 FMN
)]
X2=0
= 0. (3.4)
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The two conditions X2 = 0 and
[
XNFMN
]
X2=0
= 0 have been called “kinematical” con-
straints [17] that parallel two of the worldline Sp(2, R) constraints X2 = X ·P = 0 (applied
on states P is a derivative). The remaining “dynamical” equation of motion that contains
two derivatives parallels the third Sp(2, R) worldline constraint P 2 = 0. The field theoretic
version of these Sp(2, R) constraints2 evidently include field interactions that are consistent
with the familiar Yang-Mills gauge symmetry.
The delta function δ (X2) that appears in the action invites an expansion of every field
in powers of X2. For the gauge field one can write
AM = A
0
M +X
2A˜M (3.5)
where we define A0M ≡ [AM ]X2=0 while X2A˜M = AM − A0M is the remainder that includes
all higher powers of X2. As shown in [17], the action S (A) has also a “2T-gauge symmetry”
under the variation
δΛAN = Φ
− 2(d−4)
d−2 X2ΛN (X) (3.6)
which can be verified (with some restrictions3 on the local gauge parameter ΛM (X)) by
inserting δΛAN into Eq.(3.3) instead of the general δAN . This gauge symmetry can be used
to thin out the degrees of freedom in AM (X) . In [17] it was argued that there is just enough
“2T-gauge symmetry” to remove the remainder A˜M (X) if so desired, thus showing that the
gauge fixed fields become independent of X2. This amounts to eliminating one spacetime
coordinate among the XM .
The strategy to descend to 1T-physics from 2T-physics is then to make gauge choices and
solve the two kinematic constraints X2 = 0,
[
XNFMN
]
X2=0
= 0. Upon inserting the solution
2 Taking into consideration the spin degrees of freedom carried by the vector field AM (X), the full set of
constraints is actually OSp(2|2) , where OSp(2|2) is the gauge symmetry of the worldline theory for a spin
1 particle [7][8].
3 In [17] the 2T gauge symmetry was discussed under the assumption that the remainder A˜M (X) in
Eq.(3.5) a` priori satisfied a homogeneity condition (X ·D + 3) A˜M = 0 (but unrestricted A0M ). This
condition on A˜M (X) was a partial gauge choice for a larger gauge symmetry, and therefore the gauge
parameter ΛM (X) was also restricted by a corresponding homogeneity condition (X ·D + 3)ΛM = 0. A
homogeneous A˜M (X) made it easier to derive the two separate equations in (3.4) as the unique outcome
of minimizing the action. This assumption for A˜M (X) can be dropped at the expense of a more elaborate
discussion of the larger 2T gauge symmetry, as will be further elucidated in a separate paper. With this,
one arrives again at the same on-shell equations of motion (3.4). Either way, the conclusions of the present
paper remain unchanged.
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into the dynamical field equation or into the original action, one realizes that the remaining
dynamics is in one less space and one less time dimensions precisely as in 1T-physics field
theory, but in a variety of spacetimes. This is then how we obtain many 1T shadows of the
2T field theory.
The interesting phenomena are that there are many Yang-Mills 1T shadows in different
emerging 1T spacetimes that materialize from different solutions of the kinematic equations
X2 = 0,
[
XNFMN
]
X2=0
= 0, and that the emergent 1T field theories may come with some
symmetry restrictions that are not anticipated with only 1T field theory methods. For
example, in the case of the Standard Model [17] the latter restrictions lead to new ways of
solving the strong CP violation problem without an axion, as well as to new concepts on
the generation of mass.
As already mentioned, among the many possible solutions, in the next section we will
concentrate on an easier subset of solutions that correspond to conformally flat spacetimes
and then explore the dualities among the resulting field theories.
B. Spin-12 fields
The 2T free field action for spinor fields is given by [17]
S (Ψ) =
i
2
Z
∫ (
dd+2X
)
δ
(
X2
) (
Ψ¯ 6 X ¯6 ∂Ψ+ Ψ¯←−6 ∂ ¯6 XΨ
)
(3.7)
where Z is the same normalization constant as in (3.1), and 6 X ≡ ΓMXM and ¯6 ∂ ≡ Γ¯M∂M ,
using the SO(d, 2) gamma matrix conventions for ΓM , Γ¯M in the appendix of [26]. Varying
the action gives
δS (Ψ) = iZ
∫ (
dd+2X
)
δ
(
X2
)
δΨ¯
[
6 X ¯6 ∂Ψ−
(
X · ∂ + d
2
)
Ψ
]
+ h.c. (3.8)
where the second term emerges from integration by parts and using X2δ′ (X2) = −δ (X2) .
As was shown in [17], the two terms in the bracket actually need to vanish separately when
we require δS (Ψ) = 0 for general δΨ¯. So the equations of motion are4[(
X · ∂ + d
2
)
Ψ
]
X2=0
= 0,
[ 6 X ¯6 ∂Ψ]
X2=0
= 0. (3.9)
4 These equations of motion amount to OSp(1|2) constraints [17], where OSp(1|2) is the gauge symmetry[8]
of the underlying worldline theory [7] (see Appendix (A)). Imposing OSp(1|2) constraints is the require-
ment that the physical configurations of the field Ψ (X) be gauge invariant under the OSp(1|2) gauge
symmetry.
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It should be noted that the action S (Ψ) is invariant under the following “2T gauge
transformation”
δζΨ = X
2ζ1+ 6 Xζ2, δζΨ¯ = X2ζ¯1 + ζ¯2 ¯6 X. (3.10)
This is verified (see [17]) by inserting δζΨ¯ in (3.8) instead of the general δΨ¯. The role of the
gauge spinors ζ1, ζ2 are as follows. Due to the delta function we are invited to expand the field
in powers of X2, thus Ψ = Ψ0 +X2Ψ˜, where we define Ψ0 ≡ [Ψ]X2=0 while X2Ψ˜ = Ψ−Ψ0
is the remainder that includes all higher powers of X2. In [17] it was shown that the gauge
parameter ζ1 that appears in Eq.(3.10) can be used to remove the remainder Ψ˜ if so desired.
The remaining Ψ0α (X) is then independent of X
2, however compared to 2 less dimensions
it has double the number of spinor components. With the gauge symmetry ζ2 one can show
[17] that half of the degrees of freedom in Ψ0α (X) are gauge degrees of freedom while the
remaining half are physical. In this role, the ζ2 transformation is similar to kappa-type local
supersymmetry, and it can be used to eliminate half of the spinor components, if so desired.
Interactions of fermions with the gauge fields are obtained by simply replacing all deriva-
tives by the covariant derivative ∂M → DM = ∂M − igAM . The Yukawa interaction with a
scalar H (X) takes the form [17] H
(
Ψ¯6 XΨ)Φ 2(d−4)(d−2) , where Φ is the dilaton that does not
appear if d+2 = 6. The fermionic gauge symmetry of Eq.(3.10) remains as a valid symmetry
in the presence of these interactions, and it will be used to obtain the proper spin-1
2
degrees
of freedom in the lower dimensional actions.
The strategy to descend to 1T-physics from 2T-physics for fermions is then to make
gauge choices by using ζ1, ζ2 and solve the two kinematic constraints X
2 = 0 and ((X ·D +
d
2
)Ψ)X2=0 = 0. Upon inserting the solution into the original action (including interactions)
it is seen that the remaining dynamics has precisely the familiar form of 1T field theory.
As in the case of gauge fields above, various 1T spacetimes materialize from different
solutions of the kinematic equations. These emerging 1T field theories in (d− 1)+1 dimen-
sions, that include scalars, fermions and Yang-Mills bosons, are then dual to each other.
This duality will be illustrated below for a subset of the solutions.
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IV. EMERGENT (d− 1) + 1 FIELD THEORY
The strategy described in the previous section to reduce 2T field theory to 1T field theory
will be implemented in this section by solving the kinematic equations
X2 = 0,
[
(X ·D + d
2
)Ψ
]
X2=0
= 0,
[
XNFMN
]
X2=0
= 0. (4.1)
The result, which will involve fields in 2 less spacetime variables, will be inserted in the
original action to yield the “shadows” in the form of 1T field theories. To solve these
equations we follow the footsteps for solving the corresponding constraints X2 = X · P = 0
in the underlying worldline theory. This involved making some gauge choices for phase space(
XM (τ) , PM (τ)
)
by using the worldline local Sp(2, R) gauge symmetry. In this way the 1T
systems listed in Table-1 emerge as “shadows” from the 2T theory in flat d+ 2 dimensions.
In this table the cases marked as (cf) correspond to conformally flat curved spaces, on which
we concentrate in this paper.
The massless relativistic particle in d flat Minkowski space.(cf)
The massive relativistic particle in d flat Minkowski space.
The nonrelativistic free massive particle in d− 1 space dimensions.
The nonrelativistic hydrogen atom (i.e. 1/r potential) in d− 1 space dimensions.
The harmonic oscillator in d− 2 space dimensions, with its mass ⇔ an extra dimension.
The particle on AdSd, or on dSd.(cf)
The particle on AdSd−k×Sk for k = 1, 2, · · · , d− 1. (cf)
The particle on the Robertson-Walker spacetime (open or closed universes). (cf)
The particle on any maximally symmetric space of positive or negative curvature. (cf)
The particle on any of the above spaces modified by any conformal factor.
A related family of other particle systems, including some singular backgrounds.(cf)
Table1 - A sample of 1T physics “shadows” that emerge from the flat (d+ 2) 2T theory.
The details of the worldline gauge choices for
(
XM , PM
)
was summarized in tables I,II,III
in [22]. Those tables provide details for a variety of embeddings of (d− 1) + 1 dimensions
into d + 2 dimensions, with distinct forms of “time” and “Hamiltonian” as interpreted in
the lower dimension (i.e. the 1T shadows).
In 2T field theory, we cannot choose a gauge5 for XM like we do for the worldline theory
5 This is because Sp(2, R) is not a gauge symmetry of the field theory action S (Φ, A,Ψ), but rather the
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XM (τ). Instead, we parameterize XM as in e.g. Eq.(4.3), which is a form that is parallel
to a subset of gauge choices of the worldline theory (compare to Appendix A). We start by
choosing an embedding of the 1T spacetime xµ into the 2T spacetime XM . To do so, it is
useful to distinguish one space and one time dimensions X0
′
, X1
′
, to define a lightcone-type
basis, M = (+′,−′, m), with X±′ ≡ 1√
2
(
X0
′ ±X1′), so that the flat metric ηMN in d + 2
dimensions takes the form
ds2 = dXMdXNηMN = −2dX+′dX−′ + dXmdXnηmn (4.2)
where ηmn is the flat Minkowski metric in d dimensions including 1 time dimension. Next we
choose the embedding by the following parametrization of XM in terms of the 1T spacetime
xµ and two other dimensions κ, λ
X+
′
= κeσ(x), X−
′
= λκeσ(x), Xm = κeσ(x)qm (x) , (4.3)
where the functions σ (x) and qm (x) remain unspecified. Solving for κ, λ and qm (x), in
terms of X±
′
, Xm we get the inverse parametrization
κ = e−σ(x)X+
′
, λ =
X−
′
X+′
, qm (x) =
Xm
X+′
. (4.4)
From qm (x) = X
m
X+′
we solve in principle for xµ = fµ
(
Xm
X+′
)
, where fµ (qm) is the inverse map
of qm (xµ) . This inverse map is inserted in σ (x) = σ
(
fµ
(
Xm
X+′
))
in Eq.(4.4) to complete the
full solution of κ = X+
′
exp
(−σ (fµ (Xm
X+′
)))
in terms of X±
′
, Xm.
Such parametrizations of XM , combined with gauge choices for Yang-Mills gauge symme-
try and 2T gauge symmetries (3.6,3.10), lead to the solutions of Eqs.(4.1) as will be shown
below.
The physics of the emerging 1T shadows as field theories is anticipated from the corre-
sponding shadows in the classical worldline theory. The improvements in field theory include
(i) an automatic resolution of ordering ambiguities of nonlinear terms in the quantization of
the worldline theory (see Appendix A), (ii) the inclusion of interactions and (iii) dualities
among interacting field theories which may be used as a new tool for investigating 1T field
theory.
action generates on-shell equations of motion that reproduce the Sp(2, R) constraints of the worldline
theory, as explained in the previous section. These fields which satisfy the Sp(2, R) constraints are then
the Sp(2, R) gauge invariant physical configurations.
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To implement the 2T→1T reduction for spin-1
2
and spin-1 fields we solve Eqs.(4.1).
We follow the methods of our previous investigation of scalar fields [22] which focused on
conformally flat 1T-spacetimes that emerged through the 2T→1T embeddings described
by Eq.(4.3). The conformally flat backgrounds, which is only a subset of the “shadows”
listed in Table-1, are those markes as (cf) including the flat massless Minkowski spacetime,
AdSd−k×Sk, AdSd, dSd, Robertson-Walker, maximally symmetric spaces, and some singular
spaces. The other interesting cases listed in Table-1, such as the massive particle(s), hydro-
gen atom, and harmonic oscillator are not conformally flat backgrounds. To describe those
other non-conformally flat “shadows”, which are also solutions of Eqs.(4.1), a parametriza-
tion of the embedding of the 1T spacetime into the 2T spacetime that is rather different
than Eq.(4.3) is required6.
The fields Φ (X) = Φ (κ, λ, xµ) , Ψ (X) = Ψ (κ, λ, xµ) and AM (X) = AM (κ, λ, x
µ) are
now considered functions of κ, λ, xµ. The (d− 1) + 1 spacetime xµ has been embedded in
d+ 2 dimensions in different forms that vary as the functions qm (x) and σ (x) change.
To obtain the kinetic energy terms for the fields Φ (X) , AM (X) ,Ψα (X) we use the
chain rule to compute the partial derivatives ∂
∂XM
in terms of ∂
∂κ
, ∂
∂λ
, ∂
∂xµ
, consistent with
the parametrization (4.3). The result is
∂
∂X−′
=
1
κ
e−σ
∂
∂λ
(4.5)
∂
∂Xm
=
1
κ
(
−eµm∂µσ κ
∂
∂κ
+ eµm∂µ
)
(4.6)
∂
∂X+′
=
1
κ
([
e−σ + qmeµm∂µσ
]
κ
∂
∂κ
− e−σλ ∂
∂λ
− qmeµm∂µ
)
(4.7)
Here eµm (x) is the inverse of the vielbein. The vielbein itself in the reduced spacetime is
6 The special case treated in this paper in Eq.(4.3) embeds d dimesional space xµ space into d+2 dimensional
space XM , from which we can figure out the embedding of momentum (derivatives applied on fields as in
Eqs.(4.5-4.7)). The more general case embeds not only space xµ, but all of all of phase space (xµ, pµ) in d
dimensions into phase space
(
XM , PM
)
in d+ 2 dimensions. Consequently, the emergent spacetimes are
not only conformally flat, but much more interesting. Some such examples include the massive particle(s),
the hydrogen atom and harmonic oscillator listed in Table-1. In these later cases the parametrization of
XM involves momenta in addition to positions (see tables I,II,III in [22]). While this is straightforward to
implement in the worldline formalism, it is more challenging in the context of field theory, since momenta
are replaced by derivatives. For this reason, the field theoretic investigation of this more complicated type
of “shadow” is left to future work.
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defined as
emµ (x) = e
σ(x)∂q
m (x)
∂xµ
, (4.8)
Then the inverse eµm (x) can also be written as e
µ
m (x) = e
−σ(x) ∂xµ
∂qm
= e−σ(x) ∂f
µ(q)
∂qm
(x) , where
xµ = fµ (q) is the inverse map discussed following Eq.(4.4). This is verified by using the
chain rule e mν (x) e
µ
m (x) = e
σ(x) ∂qm
∂xν
e−σ(x) ∂x
µ
∂qm
= ∂x
µ
∂xν
= δ µν . We note in particular that the
dimension operator X · ∂ that we will need to solve the kinematic equations (4.1) takes a
simple form κ ∂
∂κ
X · ∂ = −X+′ ∂
∂X−′
−X−′ ∂
∂X+′
+Xm
∂
∂Xm
= κ
∂
∂κ
. (4.9)
With this parametrization we see that the volume element takes the form
X2 = −2κ2e2σ
(
λ− 1
2
q2 (x)
)
, (4.10)
(
dd+2X
)
δ
(
X2
)
=
1
2
κd−1 det
(
emµ (x)
)
dκdλddx δ
(
λ− 1
2
q2 (x)
)
. (4.11)
where we have taken into account the Jacobian for the change of variables
J
(
X+
′
, X−
′
, Xm
κ, λ, xµ
)
= κd+1e(d+2)σ det (∂µq
m) = κd+1e2σ det
(
emµ (x)
)
. (4.12)
It is also worth noticing that, after taking into account the delta function that imposes
λ = 1
2
q2 (x) , the metric in d+2 dimensions in Eq.(4.2) collapses to the curved metric gµν (x)
in (d− 1) + 1 dimensions
ds2 = (dX · dX)λ=q2/2 = κ2gµν (x) dxµdxν . (4.13)
Here gµν (x) is conformally flat since it has the form
gµν = e
m
µ e
n
νηmn = e
2σ(x)∂q
m (x)
∂xµ
∂qn (x)
∂xν
ηmn. (4.14)
Specific forms of σ (xµ) , qm (xµ) that produce all of the conformally flat examples included
in Table-1 were given explicitly in [22]. As an illustration, we give here the Robertson-Walker
case, where a (t) is any function that represents the expanding size of an open universe
(
ds2
)
λ=q2/2
=
κ2
R20
[
−dt2 + a
2 (t)
R20
(
R20
R20 + r
2
dr2 + r2dΩ2
)]
(4.15)
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This is an example of Eq.(4.13) that is obtained by inserting the following explicit forms of
σ (x) and qm (x)
Robertson-Walker expanding open universe (r > 0)
eσ(x) ≡ a (t)
R0
exp
(
±
∫ t dt′
a(t′)
)
, ~q (x) ≡ ± ~r
R0
exp
(
∓
∫ t dt′
a(t′)
)
, (4.16)
q0 (x) ≡ ∓
√
1 +
r2
R20
exp
(
∓
∫ t dt′
a(t′)
)
(4.17)
e mµ = e
σ(x)∂q
m
∂xµ
=
1
R0


√
1 + r
2
R20
− ri
R0
∓a(t)
R0
ri√
R20+r
2
±a(t)
R0
δ ji

 (4.18)
This parametrization of XM (κ, λ, xµ) given above for the Robertson Walker spacetime is
slightly different than the one given in [22], but is related to it by a simple redefinition of
coordinates.
The discussion above is common to fields of any spin. The 2T→1T reduction of the spin
0 case was discussed in [22], so we now focus on the spin-1
2
and spin-1 cases.
A. Spin-1 field
The kinematic equations (4.1) were first solved by Dirac [27] (see also related work in
[28]-[37]) who did not have an action principle but only suggested equations of motion that
were arrived at by a different set of arguments and the motiovation being an explanation of
conformal symmetry SO(d, 2) in flat Minkowski space in d dimensions. His solution yielded
only one of the possible shadows, namely the one in flat Minkowski space. The existence
of the all the other shadows in a variety of spacetimes, and the existence of moduli such
as curvature, mass, interaction parameters, were discovered via methods of 2T-physics. In
what follows we adapt the 2T-physics methods to discuss a subset of the shadows.
Taking advantage of the Yang-Mills gauge symmetry of the full action S (Φ, A,Ψ) , we
first choose the Yang-Mills axial gauge
X · A = 0 (4.19)
so that the non-linear kinematic equation for the Yang-Mills field in (4.1) simplifies to a
linear equation independent of interactions 0 = XNFMN = − (X · ∂ + 1)AM (X) . Using
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the parametrization for XM in (4.3) that yields the dimension operator as in (4.9), the
kinematic constraint takes the even simpler form(
κ
∂
∂κ
+ 1
)
AM (κ, λ, x) = 0. (4.20)
This determines uniquely the κ dependence of the field as
AM (κ, λ, x) =
1
κ
AˆM (λ, x) . (4.21)
In the axial gauge (4.19) there is still leftover Yang-Mills gauge symmetry with parameter
Λ (λ, x) that is independent of κ. Using this, we can fix the Yang-Mills gauge further, by
taking a lightcone-type gauge
Aˆ−′ (λ, x) = 0. (4.22)
Inserting this in the axial gauge condition 0 = X · Aˆ = X−′Aˆ−′ +X+′Aˆ+′ +XmAm , we also
obtain Aˆ+′ = − XmX+′ Aˆm, which may be written as
Aˆ+′ (λ, x) = −qm (x) Aˆm (λ, x) . (4.23)
Given the delta function δ
(
λ− 1
2
q2 (x)
)
in the volume element (4.11) we are invited to
expand the field in powers of λ− 1
2
q2 (x) . Now we take advantage of the 2T gauge symmetry of
Eq.(3.6) which allows us to gauge fix the part of the gauge field AM = A
0
M+X
2A˜ proportional
to X2. This means that in the expansion Aˆm (λ, x
µ) = A¯m (x
µ)+
(
λ− q2
2
)
A˜m (λ, x
µ) we can
choose the gauge A˜m (λ, x
µ) = 0. The remaining gauge field A¯m (x
µ) is now independent of
both λ and κ. Without loss of generality we can write it in the form A¯m (x
µ) = eµm (x)Aµ (x)
where eµm is the inverse vielbein discussed in the previous section.
To summarize, we have shown that, by taking advantage of both the Yang-Mills and 2T
gauge symmetries, the general Yang-Mills field AM (X) can be gauge fixed to the following
form
A−′ = 0, A+′ = −1
κ
qm (x) eµm (x)Aµ (x) , Am =
1
κ
eµm (x)Aµ (x) (4.24)
where only Aµ (x) is the independent component. We now compute the field strength
FMN (X) by using the chain rule given in Eqs.(4.5-4.7). After some algebra we find
7
F+′−′ = 0, F−′m = 0, F+′m =
1
κ2
qn (x)Fmn, Fmn =
1
κ2
eµme
ν
nFµν (x) (4.25)
7 The details for similar steps in flat space (i.e. when emµ (x) = δ
m
µ ) are given in [17].
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with
Fµν (x) = ∂µAν − ∂νAµ − ig [Aµ, Aν ] . (4.26)
The quantity FMNF
MN in flat d + 2 dimensions is then reduced to its shadow in curved d
dimensions as follows
FMNF
MN = FmnF
mn = FmnFklη
mkηnl =
1
κ4
(eµme
ν
nFµν)
(
eκke
λ
l Fκλ
)
ηmkηnl
=
1
κ4
gµκgνλFµνFκλ ≡ 1
κ4
FµνF
µν (4.27)
Recalling also the reduced form of the scalar field from [22]
Φ (κ, λ, xµ) = κ−
d−2
2 φ (xµ) , (4.28)
we can rewrite the action in terms of the lower dimensional shadow fields in curved space
(the subscript “red” indicates that the solution of the kinematic equations are inserted to
obtain the reduced action)
S (A,Φ)red = Z
∫
d(d+2)Xδ
(
X2
)(−1
4
Φ
2(d−4)
d−2 Tr
(
FMNF
MN
))
red
(4.29)
= Z
∫
dκdλddx
1
2
κd−1 det emµ δ
(
λ− q
2 (x)
2
)
− 1
4
κ4−dφ
2(d−4)
d−2 Tr
(
1
κ4
FµνF
µν
)
=
∫
ddx
√−g
(
−1
4
φ
2(d−4)
d−2 Tr (FµνF
µν)
)
. (4.30)
In the last step we integrated λ, κ and absorbed an infinite constant by normalizing Z as
Z
∫
dκ
2κ
= 1, thus arriving at an action expressed in terms of only the d dimensional shadow
spacetime xµ.
It must be emphasized that the reduction of the scalar field8 discussed in [22] produced
exactly the same overall normalization Z and gave the action for the conformal scalar φ (x)
in the same background metric gµν (x) ,. The conformal scalar action is given in Eq.(A14).
The resulting reduced action S (A,Φ)red is the action for a spin-1 gauge field in a variety
of shadow curved spacetimes, all with conformally flat metrics of Eq.(4.14). Note that these
8 There can of course be a variety of scalars in a full 2T theory, such as a Higgs boson doublet H (X) in
the Standard Model. But as required by 2T field theory, in particular there is also a flavor-color singlet
dilaton Φ (X) that gets reduced to φ (x) and which must couple as in Eqs.(4.29-4.30). This coupling of the
dilaton disappears in d = 4, but there can be additional couplings among the scalars, such as Higgs and
dilaton, which can play a crucial role in driving the electroweak phase transition that generates masses,
by linking it to other dilaton driven phase transitions, as explained in [17].
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shadows of the same (d+ 2) theory change as the functions σ (x) , qm (x) are arbitrarily
chosen. Hence these 1T field theories must be dual to each other and they must describe the
same gauge invariants from the point of view of d+2 dimensions. The duality transformations
among such 1T field theories will be discussed in the next section.
B. Spin-12 field
The 2T spin-1
2
action, including the gauge field S (Ψ, A) is obtained from (3.7) as usual
by replacing ∂M by the covariant derivative DM = ∂M − igAM . However, in the axial gauge
(4.19) the gauge field drops out in the kinematic equation (4.1) since X ·D = X · ∂. Hence,
just like the cases of the scalar and Yang-Mills fields, the spinor kinematic equation is free
from interactions, and simplifies greatly in the parametrization of Eq.(4.3). So, it takes the
form (
X · ∂ + d
2
)
Ψ (X) =
(
κ
∂
∂κ
+
d
2
)
Ψ (κ, λ, xµ) = 0, (4.31)
which is solved generally by a homogeneous Ψ of degree −d
2
Ψ (κ, λ, xµ) = κ−
d
2 Ψˆ (λ, xµ) . (4.32)
Expanding Ψ in the form Ψ = Ψ0 + X
2Ψ˜, we can write Ψˆ (λ, xµ) = Ψ0 (x
µ) +(
λ− q2
2
)
Ψ˜ (λ, xµ) . Using the X2ζ1 part of the 2T gauge symmetry (3.10), we can choose the
gauge that eliminates the remainder Ψ˜ (λ, xµ) = 0, leading to a λ-independent Ψˆ (λ, xµ) =
Ψ0 (x
µ). Therefore, Ψ (X) takes the gauge fixed form Ψ (κ, λ, xµ) = κ−
d
2Ψ0 (x
µ) . Using
now the (kappa type) 6 Xζ2 part of the gauge symmetry (3.10), we can remove half of the
remaining degrees of freedom of Ψ0. In particular, one can make the gauge choice
Γ+
′
Ψ = 0. (4.33)
With a choice of basis for the flat space SO(d, 2) gamma matrices ΓM (see Appendix of [9]),
the gauge condition Γ+
′
Ψ = 0 forces the lower components of Ψ (equivalent to the first two
components of Ψ¯) to vanish. Therefore, the gauge fixed form of Ψ (X) is
Ψ (κ, λ, xµ) = κ−
d
2 e−
σ(x)
2

 ψ (xµ)
0

 , Ψ¯ (κ, λ, xµ) = κ− d2 e−σ(x)2 ( 0 ψ¯ (xµ) ) (4.34)
where ψ (xµ) is an SO(d− 1, 1) spinor and ψ¯ (xµ) is its anti-spinor. We have inserted the
extra factor e−
σ
2 for later convenience in the interpretation of ψ.
17
We now focus on the term
(
Ψ¯ 6 X 6 D¯Ψ) in the action, where 6 D¯ = Γ¯MDM = Γ¯+′D+′ +
Γ¯−
′
D−′ + Γ¯mDm includes the gauge field. With our gauge choices in Eqs.(4.24,4.33,4.34)
we can drop the terms, Γ¯+
′
D+′Ψ = 0 and Γ¯
−′D−′Ψ = Γ¯−
′ 1
κ
e−σ ∂
∂λ
Ψ = 0, and using explicitly
our SO(d, 2) gamma matrices we get
6 D¯Ψ = Γ¯mDmΨ =

 γmDm 0
0 −γ¯mDm



 κ− d2 e−σ2ψ
0

 =

 γmDm
(
κ−
d
2 e−
σ
2ψ
)
0

 (4.35)
where γm are now the SO(d− 1, 1) gamma matrices in flat tangent space labeled by m.
Next, we apply 6 X = ΓMXM = −Γ+′X−′−Γ−′X+′+ΓmXm on 6 D¯Ψ. The first term Γ+′X−′
gives zero when acting on 6 D¯Ψ. The other two terms give
6 X 6 D¯Ψ = κeσ

 γ¯mqm 0
1 −γmqm



 γkDm
(
κ−
d
2 e−
σ
2ψ
)
0


= κeσ

 γ¯mqmγkDk
(
κ−
d
2 e−
σ
2ψ
)
γkDk
(
κ−
d
2 e−
σ
2ψ
)

 . (4.36)
Therefore
Ψ¯ 6 X 6 D¯Ψ = κeσe−σ2κ− d2
(
0 ψ¯
) γ¯mqmγkDk
(
κ−
d
2 e−
σ
2ψ
)
γkDk
(
κ−
d
2 e−
σ
2ψ
)


= κ−dψ¯γkeµk
(
Dµ +
d− 1
2
∂µσ
)
ψ. (4.37)
As an additional step, we note the identity
d− 1
2
(
γkeµk
)
∂µσ =
1
4
(
γkγij
)
eµkω
ij
µ (4.38)
that expresses the term that contains ∂µσ as due to the following special spin connection
ωijµ (x) for the SO(d− 1, 1) in tangent space
ωijµ (x) =
(
eiµe
jν − ejµeiν
)
∂νσ (x) . (4.39)
But this ωijµ (x) is precisely the spin connection that is constructed from the vielbein in
curved space as usual
ωijµ (x) = e
iλejσ (cµλσ − cλσµ − cσµλ) , with cµλσ ≡ −1
2
ekµ (∂λeσk − ∂σeλk) . (4.40)
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If we insert our eiµ = e
σ∂µq
i (x) in this general expression, we recover precisely the special
spin connection above. Therefore, the result in Eq.(4.37) can now be written as
(Ψ¯ 6 X 6 D¯Ψ)red = κ−dψ¯γkeµkDˆµψ (4.41)
where the covariant derivative Dˆµ includes both the Yang-Mills and the spin connection in
(d− 1) + 1 dimensions.
Dˆµ = ∂µ − igAµ + 1
4
ωijµ γij . (4.42)
The reduced action in which the kinematic constraints are solved, now takes the form
S (Ψ, A)red =
i
2
Z
∫ (
dd+2X
)
δ
(
X2
) (
Ψ¯ 6 X 6 D¯Ψ+ h.c.)
red
=
i
2
Z
∫
dκdλddx
1
2
κd−1 det
(
emµ
)
δ
(
λ− q
2 (x)
2
)(
κ−dψ¯γkeµkDˆµψ + h.c.
)
=
1
2
∫
ddx
√−gψ¯iγkDˆkψ + h.c (4.43)
where we have used again the volume element in (4.11) as well as the previous universal
normalization Z
∫
dκ
2κ
= 1.
As in the cases of the scalar and vector fields, the resulting spinor action in Eq.(4.43)
is the standard 1T field theory action in a (d − 1) + 1 curved spacetime. The conformally
flat metric gµν (x) is again the same one that describes the shadow spacetime for the other
fields. As before, the shadows are different as we change the functions σ (xµ) and qm (xµ) .
So the field theories with the different conformally flat backgrounds must be dual to each
other since each shadow must describe the same gauge invariant content of the original 2T
field theory in d+ 2 dimensions.
V. DUALITIES
We have shown above that the 2T field theory in d + 2 dimensions leads to a family of
1T field theories corresponding to all possible conformally flat backgrounds in (d− 1) + 1
dimensions. We now show the relations that transform one shadow with a fixed spacetime
metric gµν (x) (example, flat Minkowski spacetime) into another shadow with a different
spacetime metric g˜µν (example, Robertson-Walker expanding universe). From the point of
view of 1T physics, this is a transformation between two different theories with no a priori
relation to each other. But from the point of view of 2T physics, from the derivation above,
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it is evident that such transformations among 1T field theories should be an actual symmetry
among the shadows that does not change the physical content, and hence we call it a duality
transformation in 1T-physics.
The duality transformations that we will discuss here take the following form
Sσ,qm (φ,Aµ, ψ) = Sσ˜,q˜m
(
φ˜, A˜µ, ψ˜
)
(5.1)
On the left side Sσ,qm (φ,Aµ, ψ) represents the 1T field theory with scalars, vectors and
spinors in a background geometry generated by the functions σ (x) , qm (x) . On the right
side the background geometry has been changed to a new one σ˜ (x) , q˜m (x) , and when the
dynamical fields are transformed into new ones by a duality transformation (φ,Aµ, ψ) →(
φ˜, A˜µ, ψ˜
)
, the actions can be shown to be equal. Hence, such a duality transformation
is a symmetry of the system. Of course, this symmetry among the shadows is a simple
consequence of the fact that either expression is merely a parametrization of the solutions
of the kinematic constraints (4.1) of the same 2T action
Sσ,qm (φ,Aµ, ψ) = S (Φ, AM ,Ψα)red = Sσ˜,q˜m
(
φ˜, A˜µ, ψ˜
)
. (5.2)
In 1T physics we now verify directly that the sample cases given in Table-1, indeed form a
set of dual field theories.
We consider the following two types of local transformations of the background functions
that relate a subset of the shadow spacetimes to one another.
• First consider replacing the functions qn (x) by new ones q˜m (x) . This can be imple-
mented by general coordinate transformation in q-space qm → q˜m (q) , which yields
q˜m (x) = q˜m (q (x)) . Since general coordinate transformations in x-space xµ → yµ (x)
have the same amount of freedom as q-space reparametrizations, the resulting func-
tion q˜m (x) can also be built through general x-reparametrizations. Thus we can write
q˜m (x) in two ways q˜m (qn (x)) = q˜m (x) = qm (y (x)). To prove the duality in Eq. (5.1)
we will treat q-reparametrization as general coordinate transformations in x-space.
In that case the background functions σ (x) and qm (x) are transformed like general
coordinate scalars
σ˜ (x) = σ (y (x)) , q˜m (x) = qm (y (x)) . (5.3)
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These induce general coordinate transformations on the background geometry
emµ (x)→ e˜mµ (x) = eσ˜(x)∂µq˜m (x) which takes the form
e˜mµ (x) = ∂µy
λ (x) emλ (y (x)) , g˜µν (x) = ∂µy
λ (x) ∂νy
σ (x) gλσ (y (x)) . (5.4)
• Now consider changing σ (x) to a new one, leaving qm (x) alone. This can be imple-
mented as follows
σ˜ (x) = σ (x) + λ (x) , q˜m (x) = qm (x) (5.5)
This induces a scale transformation on both the vielbein and metric
e˜mµ (x) = e
λ(x)enµ (x) , g˜µν (x) = e
2λ(x)gµν (x) . (5.6)
Hence the change σ (x)→ σ˜ (x) amounts to a Weyl transformation.
Since the reduced 1T action is formally invariant under general coordinate transforma-
tions, we can claim that the action with background (σ, qm) (x) will be equal to the action
with background (σ˜, q˜m) (y (x)) as in Eq.(5.1) provided the fields (φ,Aµ, ψ) are also trans-
formed by the general coordinate transformations
φ˜ (x) = φ (y (x)) , A˜µ (x) = ∂µy
λ (x)Aλ (y (x)) , ψ˜ (x) = ψ (y (x)) (5.7)
This is then the duality transformation that relates actions with the two different back-
grounds in Eq.(5.3).
A less obvious duality symmetry is Weyl transformations given by the transformation of
the background geometry in Eqs.(5.5,5.6) and the following transformations of the dynamical
fields
φ˜ (x) = e−
d−2
2
λ(x)φ (x) , A˜µ (x) = Aµ (x) , ψ˜ (x) = e
− d−1
2
λ(x)ψ (x) . (5.8)
We will now prove that this is a duality symmetry as in Eq.(5.1).
For the spin-1 action in Eq.(4.30), note that
F˜µνF˜
µν = Fµν g˜
µλg˜νσFλσ = e
−4λFµνg
µλgνσFλσ = e
−4λFµνF
µν (5.9)
Then, the transformed action is seen to be invariant
S˜
(
A˜, φ˜
)
=
∫
ddx
(
eλd
√−g)
(
−1
4
(
e−
d−2
2
λφ
) 2(d−4)
d−2
Tr
(
Fµνe
−4λF µν
))
(5.10)
=
∫
ddx e(d−(d−4)−4)λ
√−g
(
−1
4
φ
2(d−4)
d−2 Tr (FµνF
µν)
)
(5.11)
= S (A, φ) (5.12)
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which proves the duality symmetry when the background and dynamical fields are trans-
formed according to (5.3,5.7).
For the spin-1
2
case in Eq.(4.43), it is faster to prove the duality if we use the version of
the covariant derivative in Eq.(4.37). Then we have
S˜
(
ψ˜, A˜
)
=
1
2
∫
ddx


(
eλd
√−g) (e− d−12 λψ¯) iγk (e−λeµk)
× (Dµ + d−12 ∂µ (σ + λ)) (e− d−12 λψ)

+ h.c. (5.13)
=
1
2
∫
ddx

 e
λde−
d−1
2
λe−λe−
d−1
2
λ√−gψ¯iγkeµk
× (Dµ − d−12 ∂µλ+ d−12 ∂µ (σ + λ))ψ

+ h.c. (5.14)
= S (ψ,A) (5.15)
So it is invariant under Weyl transformations, which proves the duality symmetry when the
background and dynamical fields are transformed according to (5.5,5.8).
Dualities under general coordinate transformations and Weyl transformations of the type
above hold for all background metrics gµν , not only for the conformally flat metrics, so
is there something more special in the present case, and how would the general case be
recovered in 2T-physics? The answer is found by recalling that we have investigated duality
properties of the shadows of a specific 2T-theory.
First, we must emphasize that there are more shadows of the same theory that are not
conformally flat field theories, but also participate in similar duality transformations. Those
have not been discussed in our preliminary work in this paper as explained in footnote (6),
as our main motivation here was to provide some simple examples of the dualities generated
by 2T-field theory.
Second, the starting point can be various 2T-field theories, including curved backgrounds
in d+2 dimensions rather than the flat background in (4.2) used in our present case. Curved
backgrounds in d+2 dimensions will lead to shadows in more general backgrounds gµν that
would not be necessarily conformally flat, but will satisfy the dualities generated by Weyl
and general coordinate transformations as in the more general case.
Third, by starting from a specific 2T-theory we can generate only those shadows that
capture the underlying properties of that theory. So, the conformally flat spacetimes repre-
sented by a subset of shadows in Table-1, must have additional properties that reflect the
properties of flat spacetime in d + 2 dimensions. Specifically, these shadows must have a
hidden SO(d, 2) global symmetry. This additional property of each shadow is discussed in
the next section.
VI. SO(d, 2) GLOBAL SYMMETRY AND ITS GENERATORS
Similarly to the spin-0 case, the SO(d, 2) global symmetry of the original 2T theory must
still be present after imposing the SO(d, 2) invariant kinematic constraints (4.1). In this
section, we provide the explicit form of the SO(d, 2) generators JMN as applied on each
shadow.
To do so, we will use the same trick as in [22]. The generic field χµ1µ2··· is a shadow in
curved space, with metric
gµν (x) = e
2σ(x)ηmn∂µq
m (x) ∂νq
n (x) . (6.1)
This can be related by dualities to the shadow field χ0µ1µ2···, in flat space with metric
ηµν . The duality relation is a combination of Weyl and general coordinate transformations
parametrized by λ (x) and yµ (x) as shown in Eqs.(5.3,5.7,5.5,5.8). The starting point we
want to use for the duality transformation is the shadow with flat space Minkowski metric
ηµν , hence we want to apply the combined transformations in Eqs.(5.3,5.5) as follows
ηµν → gµν (x) = e2λ(x)∂µyρ (x) ∂νyσ (x) ηρσ. (6.2)
Then, the parameters λ (x) , yµ (x) that produce the general shadow spacetime of Eq.(6.1)
are precisely λ (x) = σ (x) and yµ (x) = δµmq
m (x) . Hence by these duality transformations,
the generic field χ can be written in terms of the flat-space field χ0 as in Eqs.(5.7,5.8)
χµ1µ2··· (x) = e
−wσ(x)
(
∂yν1
∂xµ1
∂yν2
∂xµ2
· · ·
)
χ0ν1ν2··· (y (x)) , (6.3)
where w is the Weyl weight of the field χ as it appears in Eq.(5.8) for the relevant fields in
this paper.
Now we begin to investigate the SO(d, 2) transformations. The starting point is the form
of the SO(d, 2) generators in the d+ 2 theory, which is
JMN =
(
XMPN −XNPM)+ SMN , (6.4)
where PM = −i∂/∂XM is a differential operator as applied on any 2T field, and SMN is the
the representation of SO(d, 2) as applied on the spin indices of the fields
SMNΦ = 0, SMNAK =
(
δMK η
NL − δNKηML
)
AL, S
MNΨα =
1
2i
(
ΓMN
) β
α
Ψβ. (6.5)
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Note that the kinematic conditions (4.1) are invariant under these transformations.
Therefore, this form of JMN implies corresponding transformations for the shadow fields
in the lower dimension. For a particular parametrization, such as Eq.(4.3) for XM and
Eqs.(4.5-4.7) for PM = −i∂/∂XM , the generator JMN implements the infinitesimal SO(d, 2)
transformation on the original fields Φ, AM ,Ψα but now as functions of κ, λ, x
µ. When we
insert the solutions of the kinematic equations, all ∂/∂λ derivatives vanish on the solutions,
any remaining explicit λ is replaced by λ = q2 (x) /2, and the κ dependence becomes trivial
since it appears as overall factors. In particular, if we pick the parametrization that corre-
sponds to shadows in Minkowski space (i.e. σ = 0 and qm (x) = δmµ x
µ in Eq.(4.3)), then the
shadow fields χ0 (q) transform under SO(d, 2) as
flat: δωχ
0 (q) =
i
2
ωMNJ
MN
0 χ
0. (6.6)
where JMN0 takes the form of the familiar conformal transformations [6] (contrast to the
classical version in Eqs.(A17-A19) when specialized to σ = 0 and qm (x) = δmµ x
µ)
Jmn0 = (q
mpn − qnpm) + Smn (Lorentz transf.) (6.7)
J+
′m
0 = p
m (translations); J+
′−′
0 = q
mpm − ik (dilatations) (6.8)
J−
′m
0 =
1
2
qlq
lpm − qmqlpl − qlSml + ikqm (conformal transf.) (6.9)
where pm is understood as a differential operator
pm ≡ −i ∂
∂qm
, (6.10)
Smn is the appropriate spinor representation of SO(d− 1, 1), and k is the scaling dimension
of the corresponding field
kφ =
d− 2
2
, kψ =
d− 1
2
, kA = 1. (6.11)
Now, by using the duality transformation (6.3), we derive the SO(d, 2) transformation for
the fields in the curved background as δωχi (x) = e
−wσΛ ji
(
δωχ
0
j (q (x))
)
. We obtain (here
the indices i and the symbol Λ ji is short hand notation for those that appear in Eq.(6.3))
δωχi (x) = e
−wσΛ ji
(
δωχ
0
j (q (x))
)
=
i
2
ωMN e
−wσΛ ji J
MN
0 χ
0
j (q (x)) (6.12)
=
i
2
ωMN e
−wσΛ ji J
MN
0
(
ewσ
(
Λ−1
) k
j
χk (x)
)
≡ i
2
ωMN J
MN χi (x) (6.13)
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Hence the action of the JMN defined by the last expression is given by the differential
operators
JMN χi (x) = e
−wσΛ ji J
MN
0
[
ewσ
(
Λ−1
) k
j
χk (x)
]
(6.14)
Let us now specialize to the cases of spin-1
2
and spin-1 fields (spin-0 is given in [22]).
Since ψ (x) = e−
d−1
2
σψ
(0)
β (q (x)) , the SO(d, 2) generators for spin 1/2 fields in conformally
flat curved space are given by
JMNψ (x) =
[
e−
d−1
2
σ(x)JMN0 e
d−1
2
σ(x)
]
ψ (x) (6.15)
Similarly, since Aµ (x) = e
m
µ (x)A
(0)
m (q (x)) , the SO(d, 2) generators for spin 1 fields in
conformally flat curved space are given by
JMNAµ (x) =
[
eiµ (x) J
MN
0 e
ν
i (x)
]
Aν (x) . (6.16)
In these expressions to compute the action of pm that appears in J
MN
0 we just use the chain
rule to apply pm on any function of x as follows
pmf (x) = −i ∂
∂qm
f (x) = −i ∂x
µ
∂qm
∂
∂xµ
f (x) = −ieσeµm
∂
∂xµ
f (x) , (6.17)
where we inserted ∂x
µ
∂qm
= eσeµm as discussed before. Then the resulting expressions are the
quantum ordered versions of the classical generators given in Eqs.(A17-A19)
We emphasize that the fixed background metric gµν (x) is unchanged by the global
SO(d, 2) transformation (this is seen easily from the construction of gµν in Eq.(4.13)). There-
fore, without reference to the flat theory, but only using the generator JMN above, we see
that this is a true invariance of the action with the fixed background (σ, qi)
δωSσ,χ (φ,Aµ, ψα) =
∂Sσ,q
∂φ
δωφ+
∂Sσ,q
∂Aµ
δωAµ +
∂Sσ,q
∂ψα
δωψα = 0. (6.18)
This hidden global symmetry is nothing but the original global SO(d, 2) symmetry of the
action S (Φ, A,Ψ) in d + 2 dimensions, and hence each shadow for any (σ (x) , qi (x)) must
also be invariant.
It is straightforward to see that there is a symmetry as in Eq.(6.18) for each shadow,
when presented as an outcome of the higher dimensional formulation, but this symmetry
is not so easy to spot for specific backgrounds in 1T-physics field theory. For example, we
claim that the emergent field theory in the Robertson-Walker expanding universe has this
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hidden SO(d, 2) global symmetry, which was not noticed before. The resulting expressions
for the hidden SO(d, 2) generators JMN given above are new.
The Robertson-Walker example, as well as all the others listed in Table-1, show that
1T-physics is not equipped to predict the hidden symmetries or dualities. However, within
1T-physics field theory, with hard work and some guidance, one can find new properties,
such as the dualities and hidden symmetries descibed above. Within 1T-physics these are
the clues as well as the evidence of the higher dimensional nature of the underlying 2T
spacetime, as predicted by 2T-physics.
VII. CONCLUSION
In this paper, we have shown that 1T field theories involving Dirac and Yang-Mills fields
propagating in any conformally flat metric in (d− 1)+1 dimensions can be obtained as the
shadows of 2T field theory in flat d + 2 dimensions. This generalizes a similar result for
the conformal scalar field as reported in [22]. Since the shadows belong to the same parent
theory, there has to be hidden relationships among the emergent 1T field theories. We have
displayed some of these hidden relationships in the form of dualities and also in the form
of hidden symmetries, which were not previously known to exist for many of the specific
examples listed in Table-1.
This, of course can be applied to theories with several interacting fields of different spins
as is the case of the Standard Model. Indeed the usual Standard model in 3+1 dimensions
is already known to be the flat Minkowski shadow of a corresponding field theory in 4 + 2
dimensions [17], and therefore our approach in this paper, which extends also to the shadows
of the Standard Model, may find practical applications.
We should emphasize that the particular class of shadow spacetimes that we have dis-
cussed only constitutes a starting point. The infinity of possible gauge choices in the
worldline formalism suggests a similar richness in 2T field theory. In particular, we would
like to extend the theory to allow gauge choices equivalent to those in the worldline formalism
which involve mixing of x and p (footnote (6)). This may result in dualities between local
and non-local field theories at least in some instances. It is to be noted that the appearance
of mass, coupling and curvature, as moduli in the worldline formalism was related to such
gauge choices. Here we have seen examples of 1T field theory where curvature emerged as
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moduli in the reduction from 2T field theory. This suggests the possibility that mass in field
theory might also come as a modulus in the embedding of 3+1 dimensional phase space into
4+2 dimensional phase space. This is a topic which is worth pursuing in more detail.
We also believe that the more general dualities provided by 2T-physics could provide
new tools to investigate the properties of the Standard Model, including QCD. For instance,
one could use one form of the 1T-physics action to learn some non-perturbative information
about the other 1T-physics action. This suggests that we may be able to take advantage of
the type of dualities discussed here, and their extensions (as suggested in footnote (6)), to
develop non-perturbative tools for analyzing the Standard Model itself as well as its dual
versions.
So far, our discussion of field theory was purely classical. Another goal of our program
is the quantization of our theory directly in the 2T formulation. This step is obviously
necessary in order to fully express the Standard Model as a 2T theory at a quantum level.
This is being pursued in the path integral formalism, taking into consideration the Faddeev-
Popov formalism for gauge fixing the local symmetries of the 2T-field theory.
Further research on these topics is warranted and is currently being pursued.
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APPENDIX A: RELATINGWORLDLINE 2T-PHYSICS TO 1T FIELD THEORY
There is another way to obtain 1T field theory from 2T-physics. This would start with
the worldline formalism in d+ 2 dimensions, gauge fix to (d− 1) + 1 dimensions to specify
a shadow, and then do first quantization of that shadow. The first quantized wavefunction
is the shadow field in 1T field theory. In this appendix we compare this procedure to the
results obtained directly from 2T field theory, and in this way illustrate the greater power
of the 2T field theory formalism.
For comparison purposes with 2T field theory, we concentrate in this appendix on deriving
the Dirac equation in curved space through first quantization of the classical gauge fixed 2T
worldline theory. The OSp(1|2) gauge invariant action is [7]
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S =
∫
dτ
[
P · X˙ + i
2
Ψ · Ψ˙− 1
2
AijXi ·Xj + iF iXi ·Ψ
]
(A1)
where XM1 ≡ XM and XM2 ≡ PM is bosonic phase space and ΨM are fermionic degrees of
freedom that represent spin. The OSp(1|2) gauge symmetry, with bosonic and fermionic
gauge potentials Aij,F i, has 2 fermionic and three bosonic gauge parameters, which allow
us to freely choose some gauges corresponding to these parameters. We use one of the
fermionic gauge parameters to fix the fermion Ψ+
′
(τ) = 0 for all τ (using the basis ΨM =(
Ψ+
′
,Ψ−
′
,Ψm
)
in Eq.(4.2) for the flat SO(d, 2) metric). Similarly we use two of the bosonic
gauge parameters to fix P+
′
(τ) = 0 and X+
′
(τ) = exp (σ (Xm (τ))) where σ (Xm) is an
arbitrary function of the other coordinates. Then we solve explicitly one out of the two
fermionic constraints X · Ψ = 0 and two out of the three bosonic constraints X2 = 0,
X · P = 0. Then XM (τ) , PM (τ) , ΨM (τ) , take the following gauge fixed forms
XM (τ) = eσ(x(τ))

+′1 ,
−′
1
2
q2 (x (τ)),
m
qm (x (τ))

 (A2)
where we usedXm = eσ(x)qm (x) as a parametrization ofXm in terms of xµ (τ) via d arbitrary
functions qm (x) (i.e. not a gauge choice), and similarly,
PM (τ) =
(
+′
0 ,
−′
qm (x (τ)) eµm (x (τ)) pµ,
m
eµm (x (τ)) pµ (τ)
)
(A3)
ΨM (τ) =
(
+′
0 ,
−′
q (x (τ)) · ζ (τ),
m
ζm (τ)
)
(A4)
where eµm (x (τ)) is the inverse of the vielbein e
m
µ (x) = e
σ(x) ∂q
m(x)
∂xµ
. The remaining so far
unsolved constraints take the form P 2 = gµνpµpν = 0, Ψ ·P = ζkeµkpµ = 0. If we insert these
forms into the action (A1) we obtain the spinning particle action in a curved background as
follows.
S =
∫
dτ
[
pµx˙
µ +
i
2
ζmζ˙
m − 1
2
A22gµν (x) pµpν + iF
2eµm (x) ζ
mpµ
]
. (A5)
Here eµm, g
µν are the inverses of the emergent vielbein and metric
emµ (x) = e
σ(x)∂q
m (x)
∂xµ
, gµν (x) = ηmne
m
µ (x) e
n
ν (x) (A6)
and they are in agreement with the corresponding expressions that emerge directly in field
theoretic approach as given in Eq.(4.14).
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The fact that this is indeed the metric can be confirmed by our derivation of the Dirac
equation which is obtained in covariant first quantization by imposing the last fermionic
OSp(1|2) constraint
Ψ · P = ζkeµkpµ = 0. (A7)
We now quantize this equation, by representing the Clifford algebra among the ζk by the
SO(d− 1, 1) gamma matrices γk acting on a Dirac spinor ψα (x) , as usual. We must also
take into account quantum ordering issues for x, p in the non-linear expression ζkeµk (x) pµ
where pµ is replaced by a derivative. This ordering ambiguity leads to the addition of some
function ak (x) in the Dirac equation as shown below
{
iγkeµk (x) ∂µ + iγ
kak (x)
}
ψ (x) = 0 (A8)
The ambiguity ak (x) must be fixed by requiring that the SO(d, 2) global symmetry of the
worldline action (A1) must be preserved at the quantum level. As it turns out (as verified in
the text) this criterion also matches with the requirement that Eq.(A8) should be compatible
with the general form of the Dirac equation in curved space
iγkeµk
(
∂µ +
1
4
ωmnµ γmn
)
ψ (x) = 0. (A9)
The spin connection ωmnµ is generally obtained from the vielbein e
m
µ via the well known
formula in Eq.(4.40). For the vielbein of the form emµ (x) = e
σ(x) ∂q
m(x)
∂xµ
that emerged above,
the spin connection takes the form
ωmnµ =
(
emµ e
nν − enµemν
)
∂νσ (x) . (A10)
Inserting this into the Dirac equation above, we can finally calculate the spin connection
term
i
4
γkeµkω
mn
µ γmn =
i
2
(d− 1) γkeµk∂µσ. (A11)
Comparing this with iγkak (x) in eq. (A8), we fix the ambiguity as
ak (x) =
1
2
(d− 1) eµk∂µσ, (A12)
and obtain the Dirac equation:
iγkeµk
(
∂µ +
1
2
(d− 1) ∂µσ
)
ψ (x) = 0. (A13)
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This is precisely in agreement with the result obtained from 2T field theory as seen in
Eq.(4.37).
Similar treatments for fields of spin-0,1 or higher would also be in agreement with 2T
field theory, because the SO(d, 2) covariant 2T field theoretic approach automatically fixes
the quantum ordering ambiguities for any gauge of the worldline theory. In particular, we
remind the reader of our result in [22] that when the ambiguity for the scalar field is fixed,
the resulting scalar field is the conformal scalar in a curved background described by the
action
S (Φ)red =
∫
ddx
√−g
(
−1
2
gµν∂µφ∂νφ− d− 2
8 (d− 1)Rφ
2
)
, (A14)
where R is the curvature of the space, which in our conformally flat space is given by
R = (1− d) [dgµν∂µσ∂νσ + 2gµν∂µ∂νσ + 2enµ∂µeνn∂νσ] . (A15)
Another ordering ambiguity that occurs with the SO(d, 2) hidden global symmetry gener-
ators gets resolved as follows. The 2T worldline action (A1) has a global SO(d, 2) symmetry
with generators
JMN = XMPN −XNPM + SMN , SMN ≡ 1
2i
(
ΨMΨN −ΨNΨM) . (A16)
The gauge fixed action (A5) must also have SO(d, 2) as a hidden symmetry because the
generators JMN above are gauge invariant since they commute with the OSp(1|2) gauge
generators X2, P 2, X · P,X · Ψ, P · Ψ. Inserting the gauge fixed forms of XM , PM , ΨM in
the JMN give the correct generators of the hidden symmetry of the worldline action (A5)
J+
′−′ = eσ(x)qm (x) eµm (x) pµ, J
+′m = eσ(x)emµ (x) pµ (A17)
Jmn = eσ(x) [qm (x) enµ (x)− qn (x) emµ (x)] pµ + Smn, Smn ≡ 1
2i
(ζmζn − ζnζm) (A18)
J−
′m = eσ(x)
[
1
2
q2 (x) ηmn − qm (x) qn (x)
]
eµn (x) pµ − qn (x)Smn (A19)
These far from obvious conserved hidden symmetry charges JMN (x, p) are used with Poisson
brackets to generate the phase space transformations in the classical theory in the lower d
dimensions. In particular they apply for the curved spacetimes in Table-1 marked as (cf).
δωx
µ =
ωMN
2
{
JMN , xµ
}
, δωpµ =
ωMN
2
{
JMN , pµ
}
, δωζ
m =
ωMN
2
{
JMN , ζm
}
. (A20)
In the quantum theory the factor ordering of the operators xµ and pµ must be resolved in
these expressions such that they are hermitian and correctly form the SO(d, 2) Lie algebra
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under quantum commutators. This difficult problem is automatically resolved in 2T field
theory in section (VI) where the quantum ordered version of these generators is provided.
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